Introduction {#Sec1}
============

The split feasibility problem (SFP) was first introduced by Censor and Elfving \[[@CR5]\]. It models various inverse problems arising from phase retrievals and medical image reconstruction \[[@CR3]\]. More specifically, the SFP requires to find a point $\documentclass[12pt]{minimal}
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                \begin{document}$A: H_{1}\rightarrow H_{2}$\end{document}$ is a bounded linear operator.

Various iterative methods have been constructed to solve the SFP ([1.1](#Equ1){ref-type=""}); see \[[@CR3]--[@CR5], [@CR16], [@CR19], [@CR20], [@CR22]--[@CR25], [@CR28]\]. One of the well-known methods appearing in the literature for solving the SFP is Byrne's CQ algorithm \[[@CR3], [@CR4]\], which generates a sequence $\documentclass[12pt]{minimal}
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                \begin{document}$\{x_{n}\}$\end{document}$ by the recursive procedure $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ x_{n+1}=P_{C}\bigl(x_{n}-\gamma A^{*}(I-P_{Q})Ax_{n}\bigr), $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$A^{*}$\end{document}$ denotes the adjoint of *A*. The SFP can be also solved by a different method \[[@CR17], [@CR27]\], namely $$\documentclass[12pt]{minimal}
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                \begin{document}$$ x_{n+1}=x_{n}-\gamma\bigl[(I-P_{C})x_{n}+A^{*}(I-P_{Q})Ax_{n} \bigr], $$\end{document}$$ where *γ* is a properly chosen parameter. In Hilbert spaces, both ([1.2](#Equ2){ref-type=""}) and ([1.3](#Equ3){ref-type=""}) converge weakly to a solution of the SFP whenever such a solution exists.

Recently, Moudafi \[[@CR11]\] introduced the split equality problem (SEP): $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \text{Find}\quad x\in C, y\in Q \quad \text{such that}\quad Ax=By, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$Q\subseteq H_{2}$\end{document}$ are two nonempty, closed and convex subsets, and $\documentclass[12pt]{minimal}
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                \begin{document}$B: H_{2}\rightarrow H_{3}$\end{document}$ are two bounded linear operators. It is clear that the SEP is more general than the SFP. As a matter of fact, if $\documentclass[12pt]{minimal}
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                \begin{document}$H_{3}=H_{2}$\end{document}$, then the SEP ([1.4](#Equ4){ref-type=""}) reduces to the SFP ([1.1](#Equ1){ref-type=""}). Algorithms for solving the SEP have received great attention; see, for instance, \[[@CR6], [@CR7], [@CR10]--[@CR12], [@CR14], [@CR18]\]. Among these works, Moudafi \[[@CR11]\] introduced the alternating CQ-algorithm (ACQA), namely $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} x_{n+1}=P_{C}(x_{n}-\gamma_{n}A^{*}(Ax_{n}-By_{n})), \\ y_{n+1}=P_{Q}(y_{n}+\gamma_{n}B^{*}(Ax_{n+1}-By_{n})). \end{cases} $$\end{document}$$ It is shown that the sequence $\documentclass[12pt]{minimal}
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                \begin{document}$\{(x_{n}, y_{n})\}$\end{document}$ produced by ACQA converges weakly to a solution of ([1.4](#Equ4){ref-type=""}) provided that the solution set $\documentclass[12pt]{minimal}
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However, the ACQA might be hard to implement whenever $\documentclass[12pt]{minimal}
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                \begin{document}$P_{Q}$\end{document}$ fails to have a closed-form expression. A typical example of such a situation is the level set of convex functions. Indeed, Moudafi \[[@CR10]\] considered the case when *C* and *Q* are level sets: $$\documentclass[12pt]{minimal}
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                \begin{document}$H_{2}$\end{document}$, respectively. Here the subdifferential operators *∂c* and *∂q* of *c* and *q* are assumed to be bounded, i.e., bounded on bounded sets. In this case, it is known that the associated projections are very hard to calculate. To overcome this difficulty, Moudafi \[[@CR10]\] presented the relaxed alternating CQ-algorithm (RACQA): $$\documentclass[12pt]{minimal}
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                \begin{document}$\{(x_{n}, y_{n})\}$\end{document}$ generated by the RACQA converges weakly to a solution of ([1.4](#Equ4){ref-type=""}). Meanwhile, he raised the following open question in \[[@CR10]\].

Question 1.1 {#FPar1}
------------

Is there any strong convergence theorem of an alternating algorithm for the SEP ([1.4](#Equ4){ref-type=""}) in real Hilbert spaces?

Motivated by the works mentioned above, we continue to study the SEP. We will treat the SEP in a different way. Indeed, we will prove that the SEP amounts to solving the coupled fixed point equation: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} x=x-\tau[(x-P_{C}x)+A^{*}(Ax-By)], \\ y=y-\tau[(y-P_{Q}y)-B^{*}(Ax-By)], \end{cases} $$\end{document}$$ where *τ* is a positive real number. This equation enables us to propose a new algorithm for solving the SEP. We also consider the case when the convex sets involved are level sets of given convex functionals. Inspired by ([1.11](#Equ11){ref-type=""}) and the relaxed projection algorithm, we propose two new relaxed alternating algorithms for the SEP governed by level sets, which present an affirmative answer to Moudafi's question. Finally, we give numerical results for the split equality problem to demonstrate the feasibility and efficiency of the proposed algorithms.

Preliminaries {#Sec2}
=============

Throughout this paper, we always assume that *H* is a real Hilbert space with the inner product $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname{Fix}(T)$\end{document}$ the set of the fixed points of an operator *T*. The notation → stands for strong convergence and ⇀ stands for weak convergence.

Definition 2.1 {#FPar2}
--------------
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Let *C* be a nonempty, closed and convex subset of *H*. For any $\documentclass[12pt]{minimal}
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Lemma 2.2 {#FPar3}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P_{C}$\end{document}$ is nonexpansive, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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To prove our main results, we need the following lemmas.

Lemma 2.5 {#FPar6}
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Lemma 2.6 {#FPar7}
---------

(\[[@CR21]\])
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A new alternating CQ-algorithm {#Sec3}
==============================

In what follows, we always assume that the solution set of the SEP is nonempty, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$S=\{(x, y)\in C \times Q \mid Ax=By\}\neq\emptyset$\end{document}$. In order to solve problem ([1.4](#Equ4){ref-type=""}), we need the following lemma, which has as a key role in later developments.

Lemma 3.1 {#FPar8}
---------
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                \begin{document}$(x, y)\in H_{1}\times H_{2}$\end{document}$ *solves* ([1.4](#Equ4){ref-type=""}) *if and only if it solves the fixed point equation* ([1.11](#Equ11){ref-type=""}).

Proof {#FPar9}
-----

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x, y)$\end{document}$ solves ([1.4](#Equ4){ref-type=""}), then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=P_{C}x$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y=P_{Q}y$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Ax=By$\end{document}$. It is obvious that the fixed point equation ([1.11](#Equ11){ref-type=""}) holds.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} 0&=\bigl\langle (y-P_{Q}y)-B^{*}(Ax-By), y-\tilde{y}\bigr\rangle \\ &=\langle y-P_{Q}y, y-\tilde{y}\rangle-\langle Ax-By, By-B\tilde{y} \rangle. \end{aligned}$$ \end{document}$$ Adding the above two equalities, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} 0&=\langle x-P_{C}x, x-\tilde{x}\rangle+\langle y-P_{Q}y, y-\tilde{y}\rangle+\|Ax-By\|^{2} \\ &=\langle x-P_{C}x, x-P_{C}x\rangle+\langle x-P_{C}x, P_{C}x-\tilde{x}\rangle+\langle y-P_{Q}y, y-P_{Q}y\rangle \\ &\quad {} +\langle y-P_{Q}y, P_{Q}y-\tilde{y}\rangle+ \|Ax-By\|^{2} \\ &\geq\|x-P_{C}x\|^{2}+\|y-P_{Q}y \|^{2}+\|Ax-By\|^{2}. \end{aligned}$$ \end{document}$$ Thus, $\documentclass[12pt]{minimal}
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                \begin{document}$(x, y)$\end{document}$ solves ([1.4](#Equ4){ref-type=""}), and the proof is complete. □

Applying Lemma [3.1](#FPar8){ref-type="sec"}, we introduce a new alternating CQ-algorithm for the SEP ([1.4](#Equ4){ref-type=""}).

Algorithm 3.2 {#FPar10}
-------------
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Theorem 3.3 {#FPar11}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$\{(x_{n}, y_{n})\}$\end{document}$ *converges weakly to a solution of the SEP* ([1.4](#Equ4){ref-type=""}).

Proof {#FPar12}
-----
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                \begin{document}$Ax^{*}=By^{*}$\end{document}$. In view of ([3.2](#Equ13){ref-type=""}), Lemma [2.2](#FPar3){ref-type="sec"} and Young's inequality, we conclude that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\Vert x_{n+1}-x^{*} \bigr\Vert ^{2}&= \bigl\Vert x_{n}-x^{*} \bigr\Vert ^{2}-2\tau\bigl\langle (x_{n}-P_{C}x_{n})+A^{*}(Ax_{n}-By_{n}), x_{n}-x^{*}\bigr\rangle \\ &\quad {} +\tau^{2} \bigl\Vert (x_{n}-P_{C}x_{n})+A^{*}(Ax_{n}-By_{n}) \bigr\Vert ^{2} \\ &\leq \bigl\Vert x_{n}-x^{*} \bigr\Vert ^{2}-2\tau\bigl\langle x_{n}-P_{C}x_{n}, x_{n}-x^{*} \bigr\rangle -2\tau\bigl\langle Ax_{n}-By_{n}, Ax_{n}-Ax^{*}\bigr\rangle \\ &\quad {} +\tau^{2} \biggl(\bigl(1+ \Vert A \Vert ^{2} \bigr) \Vert x_{n}-P_{C}x_{n} \Vert ^{2}+\biggl(1+\frac{1}{ \Vert A \Vert ^{2}}\biggr) \bigl\Vert A^{*}(Ax_{n}-By_{n}) \bigr\Vert ^{2} \biggr) \\ &\leq \bigl\Vert x_{n}-x^{*} \bigr\Vert ^{2}-2\tau \Vert x_{n}-P_{C}x_{n} \Vert ^{2}-2 \tau\bigl\langle Ax_{n}-By_{n}, Ax_{n}-Ax^{*}\bigr\rangle \\ &\quad {} +\tau^{2}\bigl(1+ \Vert A \Vert ^{2}\bigr) \bigl( \Vert x_{n}-P_{C}x_{n} \Vert ^{2}+ \Vert Ax_{n}-By_{n} \Vert ^{2}\bigr). \end{aligned}$$ \end{document}$$ Similarly, we obtain $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\Vert y_{n+1}-y^{*} \bigr\Vert ^{2} &= \bigl\Vert y_{n}-y^{*} \bigr\Vert ^{2}-2\tau\bigl\langle (y_{n}-P_{Q}y_{n})-B^{*}(Ax_{n+1}-By_{n}), y_{n}-y^{*}\bigr\rangle \\ &\quad {} +\tau^{2} \bigl\Vert (y_{n}-P_{Q}y_{n})-B^{*}(Ax_{n+1}-By_{n}) \bigr\Vert ^{2} \\ &\leq \bigl\Vert y_{n}-y^{*} \bigr\Vert ^{2}-2\tau\bigl\langle y_{n}-P_{Q}y_{n}, y_{n}-y^{*} \bigr\rangle +2\tau\bigl\langle Ax_{n+1}-By_{n}, By_{n}-By^{*}\bigr\rangle \\ &\quad {} +\tau^{2} \biggl(\bigl(1+ \Vert B \Vert ^{2} \bigr) \Vert y_{n}-P_{Q}y_{n} \Vert ^{2}+\biggl(1+\frac{1}{ \Vert B \Vert ^{2}}\biggr) \bigl\Vert B^{*}(Ax_{n+1}-By_{n}) \bigr\Vert ^{2} \biggr) \\ &\leq \bigl\Vert y_{n}-y^{*} \bigr\Vert ^{2}-2\tau \Vert y_{n}-P_{Q}y_{n} \Vert ^{2}+2 \tau\bigl\langle Ax_{n+1}-By_{n}, By_{n}-By^{*}\bigr\rangle \\ &\quad {} +\tau^{2}\bigl(1+ \Vert B \Vert ^{2}\bigr) \bigl( \Vert y_{n}-P_{Q}y_{n} \Vert ^{2}+ \Vert Ax_{n+1}-By_{n} \Vert ^{2}\bigr). \end{aligned}$$ \end{document}$$ On the other hand, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & 2\bigl\langle Ax_{n}-By_{n}, Ax_{n}-Ax^{*}\bigr\rangle \\ &\quad = \Vert Ax_{n}-By_{n} \Vert ^{2}+ \bigl\Vert Ax_{n}-Ax^{*} \bigr\Vert ^{2}- \bigl\Vert By_{n}-Ax^{*} \bigr\Vert ^{2} \\ &\quad = \Vert Ax_{n}-By_{n} \Vert ^{2}+ \bigl\Vert Ax_{n}-Ax^{*} \bigr\Vert ^{2}- \bigl\Vert By_{n}-By^{*} \bigr\Vert ^{2} \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & 2\bigl\langle Ax_{n+1}-By_{n}, By_{n}-By^{*}\bigr\rangle \\ &\quad =- \Vert Ax_{n+1}-By_{n} \Vert ^{2}- \bigl\Vert By_{n}-By^{*} \bigr\Vert ^{2}+ \bigl\Vert Ax_{n+1}-By^{*} \bigr\Vert ^{2} \\ &\quad =- \Vert Ax_{n+1}-By_{n} \Vert ^{2}- \bigl\Vert By_{n}-By^{*} \bigr\Vert ^{2}+ \bigl\Vert Ax_{n+1}-Ax^{*} \bigr\Vert ^{2}. \end{aligned}$$ \end{document}$$ Altogether, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\Vert x_{n+1}-x^{*} \bigr\Vert ^{2} &\leq \bigl\Vert x_{n}-x^{*} \bigr\Vert ^{2}-\tau \bigl(2-\bigl(1+ \Vert A \Vert ^{2}\bigr)\tau \bigr) \Vert x_{n}-P_{C}x_{n} \Vert ^{2}-\tau \bigl\Vert Ax_{n}-Ax^{*} \bigr\Vert ^{2} \\ &\quad {} -\tau \bigl(1-\bigl(1+ \Vert A \Vert ^{2}\bigr)\tau \bigr) \Vert Ax_{n}-By_{n} \Vert ^{2}+\tau \bigl\Vert By_{n}-By^{*} \bigr\Vert ^{2} \\ &\leq \bigl\Vert x_{n}-x^{*} \bigr\Vert ^{2}-\tau \bigl(2-(1+c)\tau \bigr) \Vert x_{n}-P_{C}x_{n} \Vert ^{2}-\tau \bigl\Vert Ax_{n}-Ax^{*} \bigr\Vert ^{2} \\ &\quad {} -\tau \bigl(1-(1+c)\tau \bigr) \Vert Ax_{n}-By_{n} \Vert ^{2}+\tau \bigl\Vert By_{n}-By^{*} \bigr\Vert ^{2} \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\Vert y_{n+1}-y^{*} \bigr\Vert ^{2}&\leq \bigl\Vert y_{n}-y^{*} \bigr\Vert ^{2}-\tau \bigl(2-\bigl(1+ \Vert B \Vert ^{2}\bigr)\tau \bigr) \Vert y_{n}-P_{Q}y_{n} \Vert ^{2}+\tau \bigl\Vert Ax_{n+1}-Ax^{*} \bigr\Vert ^{2} \\ &\quad {} -\tau \bigl(1-\bigl(1+ \Vert B \Vert ^{2}\bigr)\tau \bigr) \Vert Ax_{n+1}-By_{n} \Vert ^{2}-\tau \bigl\Vert By_{n}-By^{*} \bigr\Vert ^{2} \\ &\leq \bigl\Vert y_{n}-y^{*} \bigr\Vert ^{2}-\tau \bigl(2-(1+c)\tau \bigr) \Vert y_{n}-P_{Q}y_{n} \Vert ^{2}+\tau \bigl\Vert Ax_{n+1}-Ax^{*} \bigr\Vert ^{2} \\ &\quad {} -\tau \bigl(1-(1+c)\tau \bigr) \Vert Ax_{n+1}-By_{n} \Vert ^{2}-\tau \bigl\Vert By_{n}-By^{*} \bigr\Vert ^{2}. \end{aligned}$$ \end{document}$$ Adding the two last inequalities, we obtain $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \bigl\Vert x_{n+1}-x^{*} \bigr\Vert ^{2}+ \bigl\Vert y_{n+1}-y^{*} \bigr\Vert ^{2} \\ &\quad \leq \bigl\Vert x_{n}-x^{*} \bigr\Vert ^{2}+ \bigl\Vert y_{n}-y^{*} \bigr\Vert ^{2}-\tau \bigl\Vert Ax_{n}-Ax^{*} \bigr\Vert ^{2}+\tau \bigl\Vert Ax_{n+1}-Ax^{*} \bigr\Vert ^{2} \\ &\qquad {} -\tau \bigl(2-(1+c)\tau \bigr) \bigl( \Vert x_{n}-P_{C}x_{n} \Vert ^{2}+ \Vert y_{n}-P_{Q}y_{n} \Vert ^{2}\bigr) \\ &\qquad {} -\tau \bigl(1-(1+c)\tau \bigr) \bigl( \Vert Ax_{n}-By_{n} \Vert ^{2}+ \Vert Ax_{n+1}-By_{n} \Vert ^{2}\bigr). \end{aligned}$$ \end{document}$$
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                \begin{document}$$ \varGamma_{n}\bigl(x^{*},y^{*}\bigr)\geq\bigl(1-\tau \Vert A \Vert ^{2}\bigr) \bigl\Vert x_{n}-x^{*} \bigr\Vert ^{2}+ \bigl\Vert y_{n}-y^{*} \bigr\Vert ^{2} \geq0. $$\end{document}$$ In view of ([3.3](#Equ14){ref-type=""}), we obtain the following inequality: $$\documentclass[12pt]{minimal}
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A relaxed alternating CQ-algorithm {#Sec4}
==================================

When *C* and *Q* are level sets, the projections in Algorithm [3.2](#FPar10){ref-type="sec"} might be hard to be implemented (see \[[@CR1], [@CR8], [@CR9], [@CR13], [@CR25], [@CR26]\]). To overcome this difficulty, we propose a relaxed alternating CQ-algorithm, which is inspired by methods ([1.8](#Equ8){ref-type=""}) and ([3.2](#Equ13){ref-type=""}). In what follows, we will treat the SEP ([1.4](#Equ4){ref-type=""}) under the following assumptions: The sets *C* and *Q* are given by ([1.6](#Equ6){ref-type=""}) and ([1.7](#Equ7){ref-type=""}), respectively.For any $\documentclass[12pt]{minimal}
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We now present a new relaxed alternative CQ algorithm for solving the SEP ([1.4](#Equ4){ref-type=""}).

Algorithm 4.1 {#FPar13}
-------------
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Remark 4.2 {#FPar14}
----------

By the definition of the subgradient, it is clear that $\documentclass[12pt]{minimal}
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Theorem 4.3 {#FPar15}
-----------
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Proof {#FPar16}
-----
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                \begin{document}$$ x_{n}-\frac{1}{\tau}(x_{n}-x_{n+1})+A^{*}(Ax_{n}-By_{n})=P_{C_{n}}x_{n} \in C_{n}. $$\end{document}$$ This implies that $$\documentclass[12pt]{minimal}
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The proof of the uniqueness of the weak cluster point is analogous to that of Theorem [3.3](#FPar11){ref-type="sec"}. Therefore, the whole sequence $\documentclass[12pt]{minimal}
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                \begin{document}$\{(x_{n}, y_{n})\}$\end{document}$ converges weakly to a solution of problem ([1.4](#Equ4){ref-type=""}). This completes the proof. □

A strongly convergent algorithm {#Sec5}
===============================

As we see from the previous section, the sequence generated by Algorithm [4.1](#FPar13){ref-type="sec"} is only weakly convergent. So, the aim of this section is to modify Algorithm [4.1](#FPar13){ref-type="sec"} so that it generates a strongly convergent sequence. This provides an affirmative answer to the open question raised by Moudafi \[[@CR10]\].

Algorithm 5.1 {#FPar17}
-------------
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                \begin{document}$$ \textstyle\begin{cases} u_{n}=x_{n}-\tau[(x_{n}-P_{C_{n}}x_{n})+A^{*}(Ax_{n}-By_{n})], \\ x_{n+1}=\alpha_{n} u+(1-\alpha_{n})u_{n}, \\ v_{n}=y_{n}-\tau[(y_{n}-P_{Q_{n}}y_{n})-B^{*}(Ax_{n+1}-By_{n})], \\ y_{n+1}=\alpha_{n} v+(1-\alpha_{n})v_{n}, \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
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Theorem 5.2 {#FPar18}
-----------
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Proof {#FPar19}
-----
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                \begin{document}$(x^{*}, y^{*})=P_{S}(u,v)\in S$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{*}\in C$\end{document}$ (and thus $\documentclass[12pt]{minimal}
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*Step* 1. We prove that the sequences $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \bigl\Vert u_{n}-x^{*} \bigr\Vert ^{2}+ \bigl\Vert v_{n}-y^{*} \bigr\Vert ^{2} \\ &\quad \leq \bigl\Vert x_{n}-x^{*} \bigr\Vert ^{2}+ \bigl\Vert y_{n}-y^{*} \bigr\Vert ^{2}-\tau \bigl\Vert Ax_{n}-Ax^{*} \bigr\Vert ^{2}+\tau \bigl\Vert Ax_{n+1}-Ax^{*} \bigr\Vert ^{2} \\ &\qquad {} -\tau \bigl(2-(1+c)\tau \bigr) \bigl( \Vert x_{n}-P_{C_{n}}x_{n} \Vert ^{2}+ \Vert y_{n}-P_{Q_{n}}y_{n} \Vert ^{2}\bigr) \\ & \qquad {}-\tau \bigl(1-(1+c)\tau \bigr) \bigl( \Vert Ax_{n}-By_{n} \Vert ^{2}+ \Vert Ax_{n+1}-By_{n} \Vert ^{2}\bigr). \end{aligned}$$ \end{document}$$ In view of ([5.1](#Equ24){ref-type=""}) and the convexity of the squared norm, we obtain $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \bigl\Vert x_{n+1}-x^{*} \bigr\Vert ^{2}+ \bigl\Vert y_{n+1}-y^{*} \bigr\Vert ^{2} \\ &\quad = \bigl\Vert \alpha_{n} \bigl(u-x^{*}\bigr)+(1- \alpha_{n}) \bigl(u_{n}-x^{*}\bigr) \bigr\Vert ^{2}+ \bigl\Vert \alpha_{n} \bigl(v-y^{*}\bigr)+(1- \alpha_{n}) \bigl(v_{n}-y^{*}\bigr) \bigr\Vert ^{2} \\ &\quad \leq \alpha_{n} \bigl\Vert u-x^{*} \bigr\Vert ^{2}+(1-\alpha_{n}) \bigl\Vert u_{n}-x^{*} \bigr\Vert ^{2}+\alpha_{n} \bigl\Vert v-y^{*} \bigr\Vert ^{2}+(1-\alpha_{n}) \bigl\Vert v_{n}-y^{*} \bigr\Vert ^{2} \\ &\quad =\alpha_{n}\bigl( \bigl\Vert u-x^{*} \bigr\Vert ^{2}+ \bigl\Vert v-y^{*} \bigr\Vert ^{2}\bigr)+(1- \alpha_{n}) \bigl( \bigl\Vert u_{n}-x^{*} \bigr\Vert ^{2}+ \bigl\Vert v_{n}-y^{*} \bigr\Vert ^{2} \bigr). \end{aligned}$$ \end{document}$$ This, along with ([5.2](#Equ25){ref-type=""}), implies that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \bigl\Vert x_{n+1}-x^{*} \bigr\Vert ^{2}+ \bigl\Vert y_{n+1}-y^{*} \bigr\Vert ^{2} \\ &\quad \leq\alpha_{n}\bigl( \bigl\Vert u-x^{*} \bigr\Vert ^{2}+ \bigl\Vert v-y^{*} \bigr\Vert ^{2}\bigr)+(1- \alpha_{n}) \bigl[ \bigl\Vert x_{n}-x^{*} \bigr\Vert ^{2}+ \bigl\Vert y_{n}-y^{*} \bigr\Vert ^{2} \\ &\qquad {} -\tau \bigl\Vert Ax_{n}-Ax^{*} \bigr\Vert ^{2}+\tau \bigl\Vert Ax_{n+1}-Ax^{*} \bigr\Vert ^{2} \\ & \qquad {}-\tau \bigl(2-(1+c)\tau \bigr) \bigl( \Vert x_{n}-P_{C_{n}}x_{n} \Vert ^{2}+ \Vert y_{n}-P_{Q_{n}}y_{n} \Vert ^{2}\bigr) \\ &\qquad {} -\tau \bigl(1-(1+c)\tau \bigr) \bigl( \Vert Ax_{n}-By_{n} \Vert ^{2}+ \Vert Ax_{n+1}-By_{n} \Vert ^{2}\bigr) \bigr] \\ &\quad \leq\alpha_{n}\bigl( \bigl\Vert u-x^{*} \bigr\Vert ^{2}+ \bigl\Vert v-y^{*} \bigr\Vert ^{2}\bigr)+\tau \bigl\Vert Ax_{n+1}-Ax^{*} \bigr\Vert ^{2} \\ &\qquad {} +(1-\alpha_{n}) \bigl[ \bigl\Vert x_{n}-x^{*} \bigr\Vert ^{2}+ \bigl\Vert y_{n}-y^{*} \bigr\Vert ^{2}-\tau \bigl\Vert Ax_{n}-Ax^{*} \bigr\Vert ^{2} \\ &\qquad {} -\tau \bigl(2-(1+c)\tau \bigr) \bigl( \Vert x_{n}-P_{C_{n}}x_{n} \Vert ^{2}+ \Vert y_{n}-P_{Q_{n}}y_{n} \Vert ^{2}\bigr) \\ & \qquad {}-\tau \bigl(1-(1+c)\tau \bigr) \bigl( \Vert Ax_{n}-By_{n} \Vert ^{2}+ \Vert Ax_{n+1}-By_{n} \Vert ^{2}\bigr) \bigr]. \end{aligned}$$ \end{document}$$ Now, by setting $$\documentclass[12pt]{minimal}
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Numerical results {#Sec6}
=================

In this section, we verify the feasibility and efficiency of our algorithms through an example. The whole codes are written in Matlab R2012b on a personal computer with Inter(R) Core(TM) i5-4590 CPU, 3.30 GHz and 4 GB RAM.

Example 6.1 {#FPar20}
-----------
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\end{bmatrix},\qquad B = \begin{bmatrix}
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0 & 0 & 1 \\
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